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Abstract. We establish a correspondence (or duality) between the characters and 
the crystal bases of finite-dimensional representations of quantum groups associated 
to Langlands dual semi-simple Lie algebras. This duality may also be stated purely 
in terms of semi-simple Lie algebras. To explain this duality, we introduce an "inter- 
polating quantum group" depending on two parameters which interpolates between 
a quantum group and its Langlands dual. We construct examples of its represen- 
tations, depending on two parameters, which interpolate between representations of 
two Langlands dual quantum groups. 
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1. Introduction 

Let be a simple Lie algebra and its Langlands dual Lie algebra whose Cartan 
matrix is the transpose of that of q. In this paper we establish a duality between 
finite-dimensional representations of g and ^g, as well as the corresponding quantum 
groups. 

Let / be the set of vertices of the Dynkin diagram of q and rj, i G /, the corresponding 
labels. Denote by r the maximal number among the r^. This is the lacing number of g 
which is equal to 1 for the simply-laced g, to 2 for Bi, Ci and -F4, and to 3 for G2- 

Let L{X) be a finite-dimensional irreducible representation of g whose highest weight 
A has the form 

(1) X = '^{1 +r - ri)miUJi, rm e Z+, 

where the uji are the fundamental weights of g. In other words, A is a dominant 
integral weight which belongs to the sublattice P' C P, where P is the weight lattice 
of g, spanned by (1 -|- r — ri)LJi, i G I. The character of L{X) has the form 

X(L(A)) = J;a^(A,z.)e^ d{X,u)€Z+. 

Let 

ueP' 
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We first prove that, after replacing each 

V = ^(1 + r - ri)niUJi £ P' , rii £ Z, 

by 

iei 

where the Coi are the fundamental weights of ^g, x'i^W) becomes the character of a 
virtual finite-dimensional representation of ^g, whose highest component is L{X'), the 
irreducible representation of ^g with the highest weight 

(2) \' = y^^nijUJi, 

where the numbers mj are defined by formula ([T]). In other words, we have 

(3) x'{L{X)) = xHL{>^)) + E "^/^ x'-im), ruf, G Z. 

fi<\' 

Then we prove that the multiplicities of weights in the character x^(L(A')) of L{\') are 
less than or equal to those in x'(L(A)). This positivity result means that x^{L{^')) is 
"contained as a subcharacter" in x'(L(A)). 

Since the categories of finite-dimensional representations of g and Uq{g) with generic 
q are equivalent, we also obtain a duality between finite-dimensional representations of 
Uq{g) and Uq{^g). Moreover, we establish the duality not only at the level of characters 
but at the level of crystal bases as well. This leads, in particular, to the following 
surprising fact: one can construct the crystal basis of the irreducible representation 
-L(A') of ^g from the crystal basis of the irreducible representation L(\) of g. 

In addition, we conjecture that x'iL{X)) is the character of an actea/ representation 
of ^g (that is, > for all in formula ([3])), and we prove this conjecture for g = 
We observe that the subset of the crystal of L{X) consisting of those elements whose 
weights are in P' does not give us "on the nose" the crystal of this ^g-module. But we 
conjecture that after applying a certain deformation process (presented in Section [6]) 
we do get the right crystal structure on this subset. (We also prove this for B2-) Thus, 
conjecturally, we can reconstruct not only the crystal of L{X') but the crystal of the 
whole representation of ^g whose character is equal to x'iL{X)). 



After the first version of tiiis paper appeared on tlie arXiv, we learned from H. Nakajima that this 
result follows from a special case of [181 Theorem 5.1]; see the paragraph before Theorem l2.6l for more 
details. 

^After the first version of this paper appeared on the arXiv we were told by Victor Kac that a special 
case of our duality, going from type B to type C, may be explained in the context of representation 
theory of Lie superalgebras of type B{0,n) as defined in [17]. In fact, the condition on the highest 
weight X £ P' appears in this case in |171 Theorem 8] in the form a„ G 2Z. It is not clear to us whether 
one can use Lie superalgebras to interpret our duality for other types. 

In addition, we have learned from Kevin McGerty that in the meantime he has been able to prove this 
conjecture for other types, see [23] . 
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It is natural to ask: why should this duality of characters and crystal bases take place? 
We suggest the following explanation: there exists an algebra ^5,4(3) depending on two 
parameters, q and t, whose specialization at t = 1 gives Uq{Q), and at q = e (where e = 1 
if g is simply-laced and e = exp(7r2/r), r being the lacing number of g) gives U-t{^Q). 
These are the quantum groups without the Serre relations associated to g and ^g. We 
call Uq^tid) the interpolating quantum group. (Example 3 in Section [5] indicates that 
it is impossible to include the Serre relations and preserve the interpolating property.) 
Moreover, we conjecture that any irreducible finite-dimensional representation Lq{\) of 
Uq{Q) (equivalently, of Z^g(g)) with the highest weight of the form ([T]) may be deformed 
to a representation Lg^j(A) of ZYg j(g). We also conjecture that the specialization of 
Lq^tW at q = e contains the irreducible representation of U-ti^g) with highest weight 
A' given by formula ^ as the highest component. These conjectures are confirmed by 
various explicit examples presented below as well as our general result on the duality 
of characters of finite-dimensional representations. 

Now we would like to briefly sketch a possible link between our results and the 
geometric Langlands correspondence (see, e.g, [6] for a general introduction). 

One of the key results used in the geometric Langlands correspondence is an isomor- 
phism between the center Z(q) of the completed enveloping algebra of g at the critical 
level and the classical W-algebra yV(^g) (see [U [5] as well as [12] for details). This 
result forms the basis for the local geometric Langlands correspondence (see [El [7]) 
as well as for the Beilinson-Drinfeld construction of the global geometric Langlands 
correspondence [1] (see also [6]). However, this isomorphism is rather mysterious. We 
know that it exists but we do not fully understand why it should exist. 

In order to understand this better, we g-deform the picture and consider the center 
Zq(Q) of the quantum affine algebra Uq(g) at the critical level, which was the starting 
point of [lOj. The center Zq{g) is in turn related to the Grothendieck ring Rep UqCg) of 
finite-dimensional representations of Uq(Q) (this is because for each finite-dimensional 
representation V we can construct a generating series of central elements in Zq(Q), 
using the transfer-matrix construction). Thus, we hope to gain some insight into the 
isomorphism Z(q) ~ VV(^g) by analyzing the connections between Zq(Q), RepC/q(g) 
and the g-deformed classical W-algebra. 

The idea of jllj was to further deform this picture and introduce a two-parameter 
(non-commutative) deformation Wg,t(g). Its specialization Wg,i(g) at t = 1 is the center 
Zq(g), so that Wg,t(g) is a one-parameter deformation of ^g(g) and a two-parameter 
deformation of the original center Z(q). The work jll] was motivated by the hope that 
analyzing various dualities and limits of Wq,f(g) we may learn something new about 
the isomorphism Z(g,) ~ W(^g) and hence about the Langlands correspondence. 

In particular, it was suggested in [TT] that the specialization We^tid) at q = e (with 
e defined as above) contains as a subalgebra the center Zt(^g) of the quantum affine 
algebra Ut{^Q) at the critical level (here ^g denotes the Langlands dual of g). The 
latter gives rise to the Grothendieck ring of finite-dimensional representations of Ut (^g) 
(via the transfer-matrix construction). On the other hand, as we already mentioned 
above, the specialization Wg,i(g) at t = 1 gives rise to the Grothendieck ring of finite- 
dimensional representations of Ug{g). Thus, it appears that the W-algebra Wg^tiQ) 
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interpolates between the Grothendieck rings of finite-dimensional representations of 
quantum affine algebras associated to g and ^g. In particular, this suggests that these 
representations should be related in some way. Examples of such a relation were given 
in [TT], but this phenomenon has largely remained a mystery until now. 

How can we explain this relation from the point of view of representation theory? 
This question served as the motivation for this paper. Before answering it, we con- 
sidered its finite- dimensional analogue: is there a hidden correspondence, or duality, 
between finite-dimensional representations of the quantum groups Uq{g) and Uq{^g) - 
or the simple Lie algebras g and ^g, for that matter? 

We have given an affirmative answer to this question which we have outlined above. 
Thus, we have found a hidden duality between objects of the same nature: finite- 
dimensional representations of two Langlands dual Lie algebras. Actually, it is rather 
surprising to observe the appearance of a Langlands type duality in such an elementary 
context: that of finite-dimensional representations of simple Lie algebras! We hope 
that this duality and its affine analogue will give us some clues about the meaning of 
the geometric Langlands correspondence. 

What about the duality for the quantum affine algebras? In our next paper [9] we will 
propose a precise relation between the (/-characters of finite-dimensional representations 
of dual quantum affine algebras C/g(g) and Uq{^Q) with is analogous to the duality of 
characters of Uq{g) and Uq{^Q) discussed above. We will prove, by using [I4l|l5], that 
this relation holds for an important class of representations, the Kirillov-Reshetikhin 
modules. In the affine case we also expect that the duality may be explained by using 
an affine analogue of the interpolating quantum group. 

In the context of our results an interesting problem is to compute explicitly all 
multiplicities of simple '^g-modules in a given simple g-module (the numbers in 
formula ([3])), which we call the Langlands duality branching rules. In the course of the 
proof we have found them explicitly in some cases. 

The paper is organized as follows. In Section [2] we establish the duality of characters 
and crystal bases for a pair of Langlands dual simple Lie algebras. In Section [3] we 
introduce the interpolating quantum group. We then study its representations which 
we expect to interpolate between representations of C/g(g) and ?7_i(^g). This would 
explain the duality that we have found in this paper. In Section [4] we show how 
this interpolation works for the finite-dimensional representations of the elementary 
interpolating quantum groups (those corresponding to Lie algebras of rank one). In 
Section[5]we consider examples of more general interpolating representations. In Section 
[6] we conjecture a stronger duality for characters and crystals and prove it for all simply- 
laced g with r = 2 and for B2. 

Acknowledgments. This work was begun while we were taking part in the Program 
on Combinatorial Representation Theory held at MSRI in the Spring of 2008. We 
thank the organizers of this Program for their invitations and MSRI for hospitality. 
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2. Duality of characters and crystals for simple Lie algebras 

In this section we prove the Langlands duahty for characters of finite-dimensional 
representations of quantum groups associated to simple Lie algebras (or, equivalently, 
simple Lie algebras themselves) . We also prove the duality of the corresponding crystal 
bases, by using the monomial model |24l I19j . 

Let 3 be a finite-dimensional simple Lie algebra and Uq{Q) the corresponding quantum 
group (see, e.g., [3j). We denote r = maxjg7(rj), where / is the set of vertices of the 
Dynkin diagram of g and the rj are the corresponding labels. This is the lacing number 
of g (note that it was denoted by in [11] ) . 

The Cartan matrix of g will be denoted by C = {Cij)ij(zj. By definition, the 
Langlands dual Lie algebra ^g has the Cartan matrix C*, the transpose of the Cartan 
matrix C of g. 

2.1. Langlands duality for characters. Let 

be the weight lattice of g and C P the set of dominant weights. Consider the 
sublattice 

(4) P' = ^(1 + r - ri)ZuJi C P. 

iei 

Let 

P^ = Y^ Zoji 
iei 

be the weight lattice of ^g. Consider the map U: P^ P^ defined by 

n(A) = ^A(a,)(l+r-r,)-'cDi 

if A G P' and n(A) = 0, otherwise. Clearly, 11 is surjective. 

In this section we investigate what 11 does to characters of irreducible representations 
of g. For simply-laced Lie algebras (that is, r = 1) we have P' = P = P^ and n is the 
identity. Hence we focus on the non-simply laced Lie algebras. 

Let Repg be the Grothendieck ring of finite-dimensional representations of g. We 
have the character homomorphism 

X:RepQ^Z[P]=Z[yf\ 

where yi = e^'-. It sends an irreducible representation L{X) of g with highest weight 
A G P^ to its character, which we will denote by xW- 

We will now show that for any representation V of g, n(x(V^)) is the character of 
a virtual representation of ^g, as stated in the following proposition. We denote the 
character homomorphism for ^g by x^- 

Proposition 2.1. For any simple Lie algebra g and any A G P^ , n(x(A)) is in the 
image of x^ ■ 
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This is a direct consequence of the following Lemma. Here we denote by Si (resp. 
sf ) the simple reflections of g (resp. ^g). 

Lemma 2.2. P' is invariant under the Weyl group action and Ho Si = oYi on P' . 

Proof: Let /i = Hje/ Vj' G P' and i G /. 

If n = r, we have Si{fi) = ^J'y~^''" {Ujr^i,r,=iyT')(n.j^i,r,=ryt) ^ P' ■ Moreover 

n(s.(/.)) = n(^)y-2^»(n,^,yf ) = (n(/.)). 

If = 1, we have G rZ and = /^yj"^^' (nj~i ' ) ^ P' ■ Moreover n(sj(/Li)) = 

Remark 2.3. If q is of type Bi and A G nP', then all terms in xW correspond to 
weights in P' , and so n(x(A)) has the same number of monomials as xW- 

According to Proposition 12.11 we have, for A G P' Pi P^, 

n(x(A))= Yl ^(^x'-ifi), mf,€Z. 

It is clear from the definition that the maximal jl for which 7^ is the image of 
A under 11. Moreover, in this case = 1. An interesting problem is to compute 
explicitly all other multiplicities m^, the Langlands duality branching rules. 
One of the main results of this section is the following: 

Theorem 2.4. The multiplicities of weights in (11(A)) are less than or equal to those 
in n(x(A)). 

In other words, x^(n(A)) can be seen as a "subcharacter" contained in n(x(A)), that 
is, x'^ (11(A)) ■< n(x(A)) where ■< is the obvious partial ordering on polynomials. 

Remark 2.5. In general, the character x{^) 'i^ given by the Weyl character formula. 
So one could try to prove the above results by using the Weyl formula. However, it is 
not clear how to do this: although the Weyl groups of g and are isomorphic, there 
is no obvious relation for the half-sums of positive roots p and p. 

Before giving the proof, we consider some explicit examples. 

Let Q = B2. Then ^g = C2, which is isomorphic to B2 but with the switch of the 
labels of the Dynkin diagram 1 — )• 1 = 2, 2 — )• 2 = 1. In other words, Coi corresponds 
not to Wj, but to tJj. 

We have P' = Zwi + 2Za;2. Here are the simplest examples of action of H on 
characters of irreducible representations: 

n(x(wi)) = (yi + y2yi^ + vm^ + yr^) + 1 h x^(wi). 
n(x(2w2)) = (2/2 + y2^yl + 1 + yr^y2 + y^^) + yi + y2yr^ + 1 + y^^yi + yr^ h x^{^2)- 
n(x(2a;i)) = {yl + 7/2 + yr^y2 + yfy^^ + 2 + yfy2 + y2^yl + y^^ + yr^) 
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+2/1 + vi ^y2 + 2/2 ^yi + ^ x-^(2wi). 

Let us look at some examples for Q = G2- In this case = G2, but again with the 
switch of labels of the Dynkin diagram, as in the case of B2- We have P' = Zuji + SZuj^. 
Here few examples: 

n(x(a;i)) = (yi + yayf^ + y2^yl + 1 + yi^y2 + y2^yi + yf^) + 1 >z x^ic^i)- 

L{3u}2) is of dimension 77. We will not write it out explicitly, but only write 

n(x(w2)) = (y2 + % ^y? + yi + yf^ys + yiyf^ + yiy2'^ 
+2 + y-%2 + yfy2^ + yiy2^ + vl^ + y2yr^ + y^^) 

+2yi + 2yf + 2yly^^ + 3 + 2yf + 2yiy^^ + 2yf ^ ^ X^(w2). 

2.2. Langlands duality of crystals of irreducible representations. To prove 
Theorem 12.41 we will use the crystal basis theory. It gives us an algorithm to com- 
pute character formulas. We will see that the statement of Theorem 12.41 is actually 
satisfied at the level of crystal. Before proving this, we state a closely related result 
describing a duality of crystals of irreducible representations of Uq{Q) and Uq{^Q). 

Let A G P' n and B{\) be the corresponding crystal of L{\)^ with a highest 
element u\ and crystal operators ej,/j. We consider the operators 

(5) if = ef = er-^^ 

Let ^'(A) be the connected component of u\ in ;B(A) for the operators //',ef. Note 
that the definition of B'{X) depends only on the structure of the g-crystal of B{X). 
The weight of the elements of B'{X) are in P' and so for v S ^'(A) we can define 
wt^(i;) = n(wt(u)). Then for any simple Lie algebra q (including G2) we have the 
following theorem. 

After the first version of this paper appeared, we learned from H. Nakajima that 
this theorem follows from a special case of [ISi Theorem 5.1] (namely, we put ^ = Id/ 
and rrii = 1 + r — Vi m. the notation of [E]). Note that [18j discussed examples of 
embeddings B{\) — )■ B{mX) and foldings obtained from automorphisms of simply-laced 
Dynkin diagrams, whereas in the present paper we view this in the context of Langlands 
duality. 

Theorem 2.6. For A G P' H P^ , (i3'(A), ef , //", wt^) is isomorphic to the ^Q-crystal 
B^{U{X)) o/L(n(A)). 

Thus, by using only the crystal of the g-module L(A) we have constructed the crystal 
of the ^0-module L{U{X)). 

Remark 2.7. Let us look at q = 32- If p is even, to the representation L{muji + PU2) 
of g corresponds the representation L{mLOi + puj2/'2) of = C2. But C2 — i?2- So 
if in addition m is even, to the representation L{muji +pijj2/2) of^g corresponds the 
representation L{mLjJi/2+poj2/2) of^{^g) = g. Thus, we see that this Langlands duality 
here is not an involution. 
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Theorem 12.61 implies Theorem 12.41 as we have 

n( Yl ^tM) =x^(n(A)). 

\m'eB'(A) / 

2.3. Reminder — monomial crystals. Let C be a Cartan matrix of finite type and 
s: / — 7- {0, 1} (i I—;- Sj) a map such that Cj.j < —1 implies + sj = 1. Introduce formal 
variables Yi^i, and let A be the set of monomials of the form 

A monomial m is said to be dominant if Vj & 1,1 & 1^, Uj^i{m) > 0. We set 

Consider the subgroup M d A defined by 

M = {m e A \ Ui^i{m) = if / = Sj + 1 mod 2}. 

Let us define wt : j4 — )• P and ei,4)i,pi, q-i: A ^ ZU {oo} U {— oo}, Cj, fi: A^ Au{0} 
for i S / by the formulas (for m £ A) 

wt(m) = ^ Ui^i{m)uJi, 

4'i,Lim) = ^ Ui^i{m), (t)i{m) = max{0, {(/'j,L(m) | L G Z}} > 0, 
1<L 

ei,L{m) = -^Uj^;(m), ei{m) = max{0, {ei,L(m) | L G Z}} > 0, 

1>L 

Pi{m) = max{L G Z | ei^L{m) = ei(m)} = max{L G Z | ^^tij^;(m) = (/)i(m)}, 



qi{'m) = min{L G Z | (j)i^L{'m) = (piiiT^)} = min{L G Z | — ^^nj_i(m) = ej(m)}. 

e fml - 1° = °' and f fm) - /° "^'^"^^ = °' 

["i^i,P.(m)-i if > 0, l^mA^^^(^)^^ if (/.i(m) > 0. 

By (MKE] {M.,wt, ei, Ci, fi) is a crystal (called the monomial crystal). For m G M. 
we denote by Ai{m) the subcrystal of M generated by m. 

Theorem 2.8. [24^ I19j If m is dominant, then the crystal A4{m) is isomorphic to the 
crystal B{wt{m)) o/L(wt(m)). 

In the following we will use the notation i[ for 



LANGLANDS DUALITY FOR REPRESENTATIONS OF QUANTUM GROUPS 



9 



2.4. Examples. We first study examples for Lie algebras of rank 2 and the following 
represent ations : 

Definition 2.9. The irreducible representations L{{r + 1 — ri)uJi) will be called pseudo 
fundamental representations, and the corresponding highest weights (r + 1 — rj)a;j will 
be called pseudo fundamental weights. 

Note that the pseudo fundamental weights span P'. By Theorem 12.61 the crys- 
tals of the pseudo fundamental representations of q correspond to the crystals of the 
fundamental representations of ^g. 

Let us start with i?2- We have the crystal A^(li,o) of the 5-dimensional fundamental 
representation of Uq{B2) decomposed in M.^{Yifl) of the 4-dimensional fundamental 
representation oiU^t{C2) and to 



1 



lo 

Now we have 



I2' 2 



lo2 \ 



2i23 



-1 2, 



I223 



-2 1. 1-1 



Ir 



I2" 2i 



I223 



1 1 



U {!}. 



2o22 ""^li 



1 



111 



-1 



1^3 



■■-3 ^2 



I3 ^2224 ^ 



2022I3 ^ 
2 

2o24 ^ 
2 

22 ^24 ^li 



2o 



^2 -"-l 
1 



111 



-1 



1^3 



1.^'22 



1-1 



13^22 



2r'l3 



The left crystal is M{Y2q) corresponding to the 10-dimensional representation L{2uj2) 
oiUq{B2). The middle crystal is A^^(l2,o) corresponding to the 5-dimensional funda- 
mental representation of lA-t{C2)- The two right crystal contain the remaining mono- 
mials and are respectively isomorphic to Ai^iYi^i) and A^^(l). 

Now we suppose that g is of type G2. MiYifi) has 14 terms {Iq, l2^"'^2f , 2\2^^ , 
2123^12, 23 ^l|, 2i23lJ-^, l2lj^, 2i25 ^, lj22|, 23 ^2^ ^12-, 14^^2125"-'^, 2325 2, 25 ^14, 1^"*^}. 
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The corresponding B{u}i) has 8 terms with two connected components described 
here. The first component is {Iq, 12^2'^) '^Ig, 1214^, 14^23, 25^X4, 1^^} isomorphic to 
B'"{u)i) and the second component is {2i2'^^} isomorphic to ^^(0). 

■M{Y2q) corresponds to the 77-dimensional representation of Uq{G2)- The corre- 
sponding B{2>u:2) has 29 terms with 4-connected components that we describe. 

The first connected component is isomorphic to 8^(002) (14 terms): {2q, 23 ^if, I1I3 ^, 
J-l-'-s 22,-1-3 22,24 lil3,22^A ,-1-1-15 '^3 -^5 22,24 13,1315 ^.^ ,1^1^ , 2^, Zf^ j. 

The second connected component is isomorphic to B^{iOi) (7 terms): 
{2o2J li,l3 2o2|2J ,2o2J l|,202J I3I5 ,15 2o2|,22 2g li,2|2g I3 }. 

The third connected component is isomorphic to B^{ui) (7 terms): 
{2o24 ^13, 2024I5 \ 22 ^2g ^if , 222g ^lil3 \ 2|2g ^3 ^, 2224 ^2g H3, 15 ^222g ^}. 

The fourth connected component is isomorphic to B^{0) (1 term): {2o222J^2g ^}. 

Now let us look at the remaining example of Section 12.11 for g is of type B2 
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The left crystal is A^(yi^o) 

corresponding to the 14-dimensional representation L(2uji) 
oilAq{B2). The middle crystal is M^{Y^q) corresponding to the 10-dimensional repre- 
sentation L{2oji) of Z//_(2(C2). The right crystal contains the remaining monomials and 
is isomorphic to M.^{Yifl). 

2.5. Proof of Theorem l2.6l We consider operators on Ad as defined in formula 

(H]). Let 

M' = {m G A4|V« G /, / G Z; m^i G (r + 1 - ri)Z} 
= {m' £ M\yi£ 1,1 £Z; G rZ if n = 1}. 
As wi{M') C P' , we can define wt-^ = 11 o w on M' . 

Lemma 2.10. Let i € I such that rj = 1. Let m G M' such that ei{m) > (resp. 
(pi{m) > 0). Then for 1 < q < r — 1 we have 

(1) eiielim)) > (resp. MfH^)) > 

(2) pi{e1{m)) =pi{m) (resp. qi{f'}{m)) = qi{m)), 

(3) e\(m) = mA[p^(^)_^ (resp. /[ (m) = mA-'^^^^^^^^^). 

Proof: We prove the assertions for (j)i{m) > (the assertions for ei{m) > are proved 
in the same way). 

As m G Ai' , we have (j)i{m) G rZ, and so (pi{m) > r. So (j)i{f^{m)) = (pi{m) — q > 1 
and the statement (1) is proved. 

We have fi{m) = mA~^^^^^_^_-^. We have 4'i,q^{m){fi{rn)) = 0i(m) - 1. For / > qi{m) + 
2, we have (pi^i{fi{m)) = (j)i^i{m) — 2 < (pi{m) — 2. For I < qi{m), we have (/)i^i{m) G rZ, 
so 4>i,li^) ^ (pii'm)-r and 4>i^i{fi{m)) = (pi^iim) < 4>i(m)-r. So qi{fi{m)) = qi{m) and 
we have proved the point (2) for q = \. If r = 3 we also have to prove the statement 
for q = 2. We have /^(m) = mAT^^^^^^-^. We have 4>i,q,{m){fi{mf ) = 0iM - 2. For 
I > qi{m) + 2, we have (j)i^i{ff{m)) = (t)i^i{m) — 4 < (j)i{m) — 4. For / < qi{m), we 
have (pi,i{m) G rZ, so (t)i,i{m) < (pi{m) - r and (j)i^i{fi{m)) = (pi^iim) < (j)i{m) - 2. So 
liifiifn)) = Qiim) and we have proved the point (2) for q = 2. 

The last assertion (3) is a direct consequence of the first two assertions. □ 

Let n : M' — > be the map defined by 

i&I 

Let be the monomial crystal for ^g. Viewed as a set, M.^ is equal to M and so 
we can view the map H as H : M.' — )• . 

Theorem 2.11. M' U {0} is stable for the operators f^", e\ which define a structure 
of ^Q-crystal on Ai' . The map H : Ai' — t- A4^ is an isomorphism of ^q- crystals. 

Proof: The stability for Cj, fi when = r is clear as the A'^^ G Ai' . When rj = 1 it is 
a consequence of Lemma ElO] as the Af[ G M' . 

To prove that we have a crystal isomorphism, first note that the compatibility of the 
map with ej, (pi is clear. Then for the compatibility with the operators Ci, fi, it is clear 
if n = r and if = 1 it follows from Lemma 12.101 □ 
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Theorem 12.61 is a direct consequence of Theorem 12.111 Thus, Theorem 12.61 is now 
proved. As discussed above Theorem 12.41 is also now proved. 

Remark 2.12. The proof given above also implies that Theorems \2.6\ and \ 2.4\ hold 
for any symmetrizahle Kac-Moody algebra such that r < 3 (see [16J for their monomial 
crystal). Here the ri are defined as the set of relatively prime integers such that riCij = 
VjCj^i, and r is the maximal number among the ri. 

3. Interpolating quantum groups 

In the previous section we have described a duahty between characters and crystal 
bases of finite-dimensional representations of Uq{Q) and Uq{^g). We would like to ex- 
plain this duality in the following way: there exists a two-parameter deformation of both 
of these quantum groups, which we call the "interpolating quantum group". Moreover, 
the dual finite-dimensional representations Uq{Q) and Uq{^Q) appear as the result of 
specialization (of the first and the second parameter, respectively) of a representation 
of this interpolating quantum group. 

In this section we define the interpolating quantum group and in the following two 
sections we construct their representations which exhibit the desired duality property. 

Let again g be a finite-dimensional simple Lie algebra and Uq{Q) the corresponding 
quantum group. We denote by l^qid) the algebra with the same generators and relations 
except for the Serre relations. Note that Uq{Q) and l^qig) have the same categories of 
finite-dimensional representations . 

The interpolating quantum group Uq^tid) is an associative algebra depending on 
two parameters, q and t. (Note that this algebra is different from the two-parameter 
quantum groups considered in [21 [25].) We will then establish the following Langlands 
duality property of these algebras: the specialization with respect to one parameter, 
t = 1, gives the quantum group l^qid), and the specialization with respect to the other 
parameter, q = e, where e = 1 for simply-laced g and exp(7ri/r) for non-simply laced 
ones, gives the Langlands dual quantum group lA-t{^Q). 

3.1. Interpolating simply-laced quantum groups (r = 1). Let g be a simply-laced 
simple Lie algebra, that is, r = 1. In this situation the definition of the interpolating 
quantum group is essentially equivalent to the usual definition of quantum group. In 
what follows by an "algebra" we will always mean an associative unital algebra over C. 

Definition 3.1. Uq^tid) is the algebra with the generators , K^^, and relations 

K,Xf = q^^^'^XfKi , KiXf = t^^^'^Xfki, 



[Xi,X. ] = 5ij 



qt-[qt)-^ 



Note that 



UqM D {{KiKi)^\xf) c^Uqtio), 
and that we have the following interpolating property: 

Uq^i{Q)/{Ki = 1) ~ Uq{Q) and UlMI{K^ = 1) = Ut{Q) = Uti'-Q). 
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As a special case, we have the elementary interpolating quantum group Uq^ti^i)- The 
elementary rank one subalgebras of Uq^tio) corresponding to simple roots are all iso- 
morphic to Uq^ti^i) if is simply-laced. This is analogous to the properties of standard 
quantum groups. We will see in the following that for non-simply laced g we will have 
to consider other elementary (rank 1) interpolating quantum groups corresponding to 
Bi, Ci = ^Bi, Gi, and ^d. 

3.2. Elementary interpolating quantum groups for r = 2. For r = 2 we have 
e = exp(7ri/2) = i. We will define two elementary interpolating quantum groups 
Uq,t{C\) and Uq^t{Bi). The definition of the first one is simple. 

Definition 3.2. Uq^t{Ci) is the algebra with generators X^, K^^ , K^^ and relations 

KX^ = q^'^X^K , kX^ = t^^X^k, 

g^t — q H ^ 

Note that 

and that we have the interpolating property 

Uq,M/{K = l)-Uq2{sl2)=Uq{Ci) and Ue,t{9) / {K = I) c^U-t{sh) =U-t{'^C^), 
asU^t{sl2)=U-t{Bi). 

Definition 3.3. Uq^t{Bi) is the algebra with generators X^, K^^ , k^^, rj, central 
elements C , C and relations 

C[iir^^, 77] is commutative, 
KX^ = q^'^X^K , kX^ = t^^X^k , r)X^ = X^{ri±l), 

± ^ _ q^jt^k^Y + q-^{t^k^^)-P - q'^H^^kK - q^H^^kK)-^ 
^ ^ ^ ^ - {q - q-'){qt - {qt)-') 

where P = (-1)" and c = PC - 1/2. 

Note that we have t^X^ = X=^t-^-\ = 1 and P commutes with E'^ and F^. We 
also have the following: 

q 

The elements 



^^{t^'k^Y + q-^ifk^Y'' = q^'^t'k^' + q-^'^t-'k^K 



Cas{q) = q^ + q'^ and Casit) = t^+V^ + f-^-^^ 

are central. The clement Cas{q) will correspond to the Casimir element for the spe- 
cialization t = 1. For the other specialization, q = e, the Casimir element will not be 
exactly Cas{t), but -|- which is not central in the whole algebra, but 

commutes with {X"^)^. 

Lemma 3.4. The algebra Uq^t{Bi) is well-defined. 
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Proof: The only point to be checked is the associativity condition {X^X^)X^ = 
It is satisfied as we have 

= X^{q^{t-^k^Y^ + q-^{r^k^Y - q^h^'^KK - q'^H^^K K)-^) . 

□ 

Let us look at the specializations of Uq^t{Bi) at f = 1 and q = e = i. Let 

= zf{x^f/{t - 1-^) ,]c = k^. 

Proposition 3.5. The subalgebra of Uq^i{Bi) / (K = 1) generated by X^, K^^ is iso- 
morphic toUq{sl2) = Uq{Bi). 

The subalgebra ofU^^t{Bi)/{K'^ = \,Kq^^ = e) generated by , /C^^ is isomorphic 
toUt2{sh) =U-t{Ci) =U^t{^Bi). 

Proof: First, let us consider the specialization Uq^i{Bi) at t = 1. Then the clement K 
becomes central and we can specialize K = 1. We have the relations KX"^ = q'^'^X^K 
and 

{q - q-^ fX^X^ + q'^^K + q^^K'^ = Cas{q). 
The equality implies the standard relation 

q-q 1 

Cas{q) is central and corresponds to the central Casimir element in Uq{sl2)- So we 
have an isomorphism. 

Now let us consider the specialization of Uq^tiBi) at q = e. Then becomes central. 
Let us consider the algebra UdiBi) / {K"^ = 1). We have the relations: 

KX^ = -X^K , KX^ = -X^K , kX^ = t^^X^k, 

_ (g^^ + eK){t^k^^ - eq-P^Kt-'^k^'^) 
-2{t + t-^) 

Since {q^^ + eK)X^ = X^{q-P^ - eK) = X^{-eKq-P^){qP^ + eK), we find that 
4(i + t-i)2(X±)2(XT)2 is equal to 

-eKg-^^(Q^^if + e)\t-'-^k^' + eg^^i^t^+2KTi)(t^K±i - eq'"''' Kt-'k^'). 
So it is natural to specialize at Kq^^ = e. We obtain that 

,^±,2(^^,2 t-'k^' + t^k^^-t'('+')-t-'('+') 

nX ) ^^^p^zip • 

The above relations can be rewritten as 

The clement t"^^^^^^ + commutes with X^, K,^^ and corresponds to the Casimir 

element (see the above discussion). We get the equality 
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□ 

3.3. Interpolating quantum group for r = 2. Let g be a simple Lie algebra such 
that r = 2, that is, q is of type Bn, Cn or F4. 

Definition 3.6. Uq^tio) is the algebra with generators Xf, Kf'^, Kf^, r]j, Cj, Cj 
(1 <i,j < n, rj = l) and relations 

C[K^,Kf^,rjj,Cj,Cj]i<ij<n,rj=i is commutative, 

Ui = {X^,Kf\Kf^)^Ug,t{Ci) ifri = 2, 

Ui = {Xf,Kf\Kf\r],Ci,Ci)^Kq,t{Bi) if r^ = 1, 

KiXf = q^'-'^'''^XfKi , kiXf = t^'-'^^-^/^Kj, 

[X^,Xr] = [i-l)^',Xf]=Ofori^j. 

Let us consider the elements 

= ^{Xff/it - t-^) ,IC, = kf for r, = 1, 

= Xf ,lCi = k, for n = 2. 

The specialization at q = e = i = a/— 1 should not be confused in the following with 
the index i £ I. Proposition 13.51 implies 

Proposition 3.7. The subalgebra of lAq^i{Q) / {Ki = 1) generated by the X^ , Kf'^ is 
isomorphic toUq{Q). 

The subalgebra of Ue^t{Q) / [Kf = \,Kiq^^^^ = e) generated by the , fCf^ is iso- 
morphic tolA-t{^Q). 

In the proposition, by convention, PiCi = 1 if rj = 2, that is, the relation Kiq^^^^ = e 
means Ki = l. 

According to the above proposition, Uq^tid) interpolates between Uq{g) and U-t{^Q) 
the quantum groups without the Serre relations. Is it possible to have an algebra that 
interpolates between the quantum groups Uq{Q) and U-t{^g) with the Serre relations? 
In other words, can one construct a two-parameter deformation of the Serre relations of 
Uqis) and [/-t(^g)? In this paper we are only interested in finite-dimensional represen- 
tations. Therefore this question is not important, because finite-dimensional represen- 
tations of Z^g(g) are the same as those ofUq{g) (and similarly for U-t{^g) and C/_t(^0))- 
But for other representations this question becomes important. The examples given 
below indicate that in the framework oiVlq^tid) ^^e answer is negative. 

In fact, in Example 3 of Section[5]we will construct a finite-dimensional representation 
V of hlq^t{B2) which interpolates between representations oihlq{B2) and hl-t{C2) (and 
hence of Uq{B2) and U-t{C2)), but for different vectors in this representation different 
i-deformations of the Serre relations of Uq{B2) will be satisfied. Imposing either of 
them (or another t-deformation) on the algebra would lead to additional relations that 
are not satisfied in V . Therefore V is not a module over this algebra. Hence it appears 
impossible to incorporate a two-parameter deformation of the Serre relations into Uq^tid) 
in such a way that Proposition 13.71 would hold for the quotient, with Uq{g) and U-t{^Q) 
replaced by Uq{g) and C/_j(^g). 
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To illustrate this point further, consider the following example of a candidate for 
a i-deformation of the Serre relations for g = B2 (note that we do not use it in this 
paper): 

(7) X+Xf - {qh + q-h-^)X+X+X+ + xfx+ = 0, 

X+Xf - t{q^ + 1 + q-^)X+X+X+^ + t-^{q^ + 1 + q-^)xf X+ X+ - t'^X+^X^ = 0. 

At t = 1 we recover the Serre relation of Uq{B2). Let us consider the specializations S, 
S' of these relations ai q = e. By computing S'X2 — 1X2 S' we obtain 

xtixff - it' + t-'){xf)xt{xf) + {xffxt = 0, 

which is one of the Serre relation of U^t{C2)- By computing 

X+SX+ -{t' + l + t-')x+x+s + {t' + i + t-')sx+x+ 
-X+SX+ -{t + t-'^)x+x+s +{t + t-^)sx+x+, 

we obtain 

o = ixf)xf-{t'+i+t-')xtixf)xf+it'+i+t-')xfixf)xt-xfixf), 

which is another Serre relation for U-t{C2) (both relations should be written in terms 
of X+ and X+ = {X+f). 

But if we compute the bracket of the second Serre relation with X^ , we obtain 

K,xfq'{l + g2)(t-4 - 1) = (1 - t'){l - + q'^)K-^xf. 

Then we following identity which does not hold in either Uq{B2) or U^tiC2)- 

KiXfq\l + t") = t\l - q-'fK^^xf. 

Hence if we include the relations ([7]), we obtain an algebra that does not have the 
desired interpolation property. 

3.4. Interpolating quantum groups for r = 3. For r = 3 we define two elementary 
interpolating quantum groups Uq^t{Gi) and Uq^ti^Gi). We have e = e^'^*/^. 

Definition 3.8. lAq^t{^Gi) is the algebra with generators X^ , K^^ , K^^ and relations 

KK - (KK)-^ 



KX^ = q^^X^K , kX^ = t^'^X^K, 



^ ' ^ q^t — q ^t ^ 
Note that 

^/g,t(^Gi)D {iKK)^\X^) c^UqHish) 
and that we have the following interpolating property: 

Uq,M/{k = 1) ~ Uqzish) = Uqi'^Gi) and U,MI{K = 1) ~ U-tish) = K-t{Gi). 

Let us define the elementary interpolating quantum group Uq^t{Gi). First we need 
the following polynomial map F(X) = X{X — e^)(l — e^)~^ which satisfies -F(l) = 1, 
F(e2) = 0, F(e4) = -L 
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Definition 3.9. We define the algebra Uq^t{Gi) ds the algebra with generators , 
K^^ , K^^ , rj, central elements C,C and relations 

C[K^^ , K^^ , Tj] is commutative, 

KX^ = q^'^X^K , kX^ = t^^X^K , rjX^ = X^{ri±l), 

(8) X^X^ = 

q^it^^kf^ + q-^{t^^k)-P^ ~ q'^^K{t^^kf± - q^^ K-\t^^ ky^^ , 
where P± = F(e2(-'?+i=Fi)) and c± = P±C'=F 1/2. 
Lemma 3.10. The algebra Uq^tiGi) is well-defined. 

Proof: The only point to be checked is the associativity condition {X^X^)X^ = 
X^{X^X^), which is verified as follows: 

{q^{t^^kf^ + q-^{t^±k)-^± - q'^^Kif^kfi - q^^ K'^t^^ k)-^±)X^ 

= X^iq^it^^^^kt^Y^ + q-^\t^^^^kt^Y^^ 
-q^^K{t^^^^kt^Y^ - q'^^K-\t^^^^kt^Y^''h 
= X^iq^if'fkf^ + q-^{t^^k)-P^ - q^^K{f^kf^ - q^^ K-\t^^ k)-^^). 

□ 

Let us set 

(l-e4)2(i3_i-3) ' ^ (l + e4 + 2e5)(t-3-i3) ' ^■ 

Proposition 3.11. The subalgebra of Uq^\{G\) / {k = 1) generated by X^/{q — q"^), 
K^^ is isomorphic to Uq{sl2) = Uq{Gi). 

For any m G Z/2Z, the quotient by e^" = I, K = (-1)™, q'^ = (-l)"*e of the 
subalgebra ofUe,t{Gi) generated by , K is isomorphic to U^t^{sl2) = W-t(^Gi). 

Proof: The first point is proved as for Uq^i{Bi). Now let us consider the specialization 
of Uq^t{Gi) at g = e. Then becomes central. Note that we have, P±X^ = X^Pq, 
where Pq = ^(e^-^^). We also have PqX^ = X^P± and 

c±X^ = X^iPoC T 1/2) , {PoC ^ 1/2)X^ = X^{c^ =f 1). 

So we can compute {X^)^(X^)^ , and we obtain 

{q^it^^kf^ -\-q~^{t^^k)-^^ - q'^^K{t^^k)P± - q^^ R-^t^^ k)-^±) 

xiq^{fP"^^y^kf'^ + g-^(t^o'5T3/2^)-Po 

X{q^'{t^^^^kf^ +q-^'{t^^^^k)-P^ -q^^K{t^^^^kf^ -q^^K--\t^^^^k)~P^). 

Note that e^^ and K commute with (X^)^. So we may take the quotient by the 
relations K = (—I)'", e^^ = 1 and q'-^ = (— l)'"e where m € Z/2Z. In particular, we 
have Po = 0, P± = ±1, c± = ±C t 1/2. For {X^fiX^^f we obtain 

{-ir+\l + + 2e5)(t±^±K±i + eH^^^k^^ - e^^H^^^k^^ - e^^h^'^^k^^) 
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= {-ir+\l + e^ + 2e5)(l - e^)\-t-^K^^ - t^K^^ + + r^^'^). 
We have 

□ 

Now we are in position to define the interpolating quantum group Uq^t{G2)- 

Definition 3.12. Uq^t{G2) is the algebra with generators Xf, Kf^, Kf ^, r], C, C 
(i = 1,2) and relations (i ^ j) 

=19 is commutative, 

U2 = {X^,Kf\k^l,r^,C,C,C') ^Uq,t{Gi), 
KiXf = q^^'^^'^X^Ki , kiXf = t^'-'^^'i'^kj, 
[Xf,X^] = Q. 

We define X^, /C2 as for Uq^tiGi). Let m G Z/2Z. Prom the above results we have 
the following: 

Proposition 3.13. The subalgebra of lAq^i{G2) / {ki = 1) generated by X^ , X^/{q — 
q^^), K^^ is isomorphic toUq{G2)- 

The quotient by e^" = 1, Ki = -I, K2 = (-1)"", q'^ = (-l)"'e of the subalgebra of 
Ue,t{G2) generated by Xf, X^, K^^, /C^^ is isomorphic to lA-t{^G2)- 

We have thus defined an interpolating quantum group Uq^tio) for any simple Lie alge- 
bra Q. The same definition gives us such an algebra for any symmctrizable Kac-Moody 
algebra g such that r < 3. We just use the relations of the elementary interpolating 
quantum groups in the same way as above. We conjecture that this definition may also 
be generalized to all symmetrizable Kac-Moody algebra g. 

4. Representations of elementary interpolating quantum groups 

Representation theory of the elementary interpolating quantum groups Uq^ti^i), 
Uq^t{Ci), Uq^ti^Gi) is easily derived from the representation theory of the correspond- 
ing standard quantum groups. So we need to consider only Uq^t{Bi) and Uq^t{Gi). For 
these algebras we will observe the simplest examples of representations interpolating 
between finite-dimensional representations of Langlands dual quantum groups of rank 
one. Even though naively we have ^Bi = Bi and ^Gi = Gi, the resulting duality of 
representations is non-trivial. 
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4.1. Simple finite-dimensional representations of Z//q As in the representa- 

tion theory of quantum groups, let us start with Verma modules. We want to construct 
a Verma module M(A) with respective highest eigenvalues of {K, K, r], C, C) given by 
A = (A, A, E, A, A) e (C*)2 x {±1} x C^. We set: 

M(A) = 0C(X-rt;A. 

n>0 

We have the obvious action 

X-.{{X-T.vx) = {X-)''+\vx ,C = Ald,C = Ald, 

mx-Tvx) = xq-^^i{x-rvx) , Kiix~rv,) = \t-^iix-rvx), 
v{{x-rvx) = {-irx^{x-rvx. 

The point is to have a well-defined action of X^ such that X'^vx = 0. From the 
relation involving X~^X~ , the action is uniquely defined. The relation involving X~X~^ 
evaluated on vx imposes the following condition on A: 

Lemma 4.1. The Verma module M(A) is non-trivial if and only if 

qEA^EA-lyi ^ ^-EA^-EA+l~^ _ qt-EA+l~^^ _ ^-^EA-\^l^yl ^ q_ 

Now we want to have a Verma module with a finite-dimensional quotient. For the 
specializations defined above, we consider p > 0, n = 2p, A = A = f^. So we obtain 
the relation 

^EA^EA-\-p _|_ ^-EA^-EA+\+p _ ^l+n^~EA+\+p _ ^-l~n^EA-\-p _ q 

Thus, we have EA = -{n + 1) or {EA = (n + 1) and EA = p + 1/2). But to have 
the second specialization of Proposition 13.51 we must have Kq^^ = e at g = e, so 
^n+EA _ ^ ^YiQ second case EA = n + 1. Consider an (n -|- l)-dimensional 

vector space 

Vn = Cvq e Cvi e • • • e Cvn. 

We denote n = 2p G 2Z, v-i = Vn+i = and use the usual quantum number notation 
['m']x = {x"^ — x~™-)/{x — x~^) for m G Z. 

Let us consider operators on defined byC = n + l,C = p-|-l/2, and the following 
formulas: 

X'^V2j = [n- 2j + l]gf2i-i , X^V2j+i = [n- 2j]gtV2j, 

X~V2j = [2j + l]qV2j+l , X~V2j+l = [2j + 2]gtV2j+2, 

K.Vj = q^~'^^Vj , Kvj = t^~^Vj , r].Vj = —jvj. 

The idea of this deformation is just to replace the quantum box [m]q where m is even 
by [m\gt. 

Lemma 4.2. The above formulas define an action ofUg^tiBi) on Vn- 
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Proof: All relations are clear without computation, except for relations ([6]). Let us 
check these relations. 

{q - q-'){qt - {qtr')X+ X- .V2j = {q^^+^ - q-^'-^){{qtT-^' - {qtf^-nv2j 

= ^ ^^n-lfj^n _ ^n-4j-l^n-2j _ ^Aj+l-n^2j-n^y^, ^ 

{q - q-'){qt - {qt)-^)X- X+ .V2j = {q^'^'^^ - - {qt)-^')v2j 

= {q'^+h'^i + _ g"+l-4it-2i _ qAj~n-1^2j^^^,^ 

{q - q-')iqt - {qt)-^)X+ X' .v^.+i = i{qtf^+^ - {qtr^^~^){q^-^^~^ - q^^-^+^)v2j+i 

= (g-"-H^2,-2 ^ _ ^„-4,-3^-2,-2 _ g4,+3-n^2+2, ^ 

{q - q-'){qt - {qt)-^)X- X+ .v^,^^ = {{qtT-^^ - (gt)-+2j)(g2^+i - q-^^-^)v2,+i 

= + q''+h''-'^i - g«-l-4j^n-2i _ qij~n+l^2j-n^^^,^^_ 

The formulas are also satisfied at the limits as for X~ X^vq and for X^X~V2p we 
get + g-"-^ - 9"+^ - g-"-^ = 0. □ 

Note that Vl^ = Cvq ® Cv2 • • • Cvn is stable for the action of E"^ and F^. We 
interpret this as a Langlands duality of representations corresponding to Bi and Ci as 
follows: the first specialization of Vn is the (n + l)-dimensional simple representation 
of Uq{sl2) = Ug{Bi), and by using the second specialization we obtain V^, the {p + 1)- 
dimensional representation ofU^2{sl2) = U-t{Ci) = U-t{^Bi) (at q = e,we have = 1 
and Kq^^ = e on l^i as in Proposition 13. Sh . 

Remark 4.3. If n ^ 2Z, we can also define a representation oflAq^t{B\) with the same 
formulas. Indeed the formulas are also satisfied at the limit: it is the same for X~X~^vq 
and for X+X~V2j+i where n = 2j + 1 we get q-'^'H"^-^ + ^"+1^+1 - g""-!*-"-! - 
gU+i^n+i _ j^^^ then we cannot use the second specialization on at q = e as we 
have Kq^'-'VQ = —vq different than in Proposition ] 3.^ 

4.2. Representations of Uq t{Gi). Let Vn be as in Section [4.11 where n £ 3Z. Let us 
consider operators defined by C = n + l, C = (n + l)/2 and the following formulas: 

X^vsj = {q- q~^)[n - 3j + l]gV3j-i , X'vsj = {q - q'^)[Sj + l]qW3i+i, 

X^V3j+i = {qt - {qt)~^)[n - 'ij]qmj , X^v^j+i = {q - q'^)[3j + 2]gV3i+2, 

x^vzj+2 = {q- q^^)[n - 3j - i]gW3j+i , X'vzj+2 = {qt - (gt)"^)[3i + i\qtvzj+2, 

K.Vj = , Kvj = t^'/^'^Vj , rj.Vj = -jvj. 

The idea of this deformation is just to replace the quantum box [m]q where m = 0[3] 
by [rn.]gf. This is analog to the deformation considered for Bi. 
Note that we have in particular 

P+.V3j = V3j , P+.V3j+i = , P+.V3j+2 = -V3j+2, 
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P--V3j = -V3j , P^.V3j+i = V3j+i , P_.W3j+2 = 0. 

Lemma 4.4. The above formulas define an action of Uq^tiGi) on Vn- 

Proof: All relations are clear without computation, except for relations ([8]). Let us 
check these relations. 

X+X-.V3J+1 = - - g3i-"+i)„3.+, 

X+X-.V3,+2 = {{qtf'^'' - {qt)-'^-^){q^-'^-' - q'^-^^')v3j+2 

X-X+.V3, = - g3i-l-n)((gt)3i _ (qt)-3j)y^^ 

= {q''+H^^ + _ g'^-ei+ifSi _ g6i-l-nt3i)^^^.^ 

X-X+.V3J+1 = {{qtr-^^ - - q-^^-')v3,+i 

X-X+.^;3,+2 = (g"-'^-' - - q-'^-')vs,+2 

The formulas are also satisfied at the limits as for X^X^vq and also for X^X^V3(^n/3) 
we get + - - = 0. □ 

Note that = Cvq Cvs • • • C?;„ is stable for the action of and F^. We 
interpret this as a Langlands duality of representations of Gi: by using the first special- 
ization, Vn becomes the (n + l)-dimensional simple representation of Uq{sl2) = Uq{Gi)^ 
and by using the second specialization we obtain V^, the n/2> + 1-dimensional represen- 
tation ofUtsish) = Uti^Gi) (at g = e, we have e'' = 1, K = (-l)"/^ and q^ = (-l)"/3e 
on as in Proposition 13. lip . 

Remark 4.5. Ifn ^ 3Z, we can also define a representation ofUq^tiBi) by the same for- 
mulas. Indeed, the formulas are also satisfied at the limit: it is the same for X~X^vo, 
for X^X^vsjj^i where n = 3j + I we get q^~^^ + q~''^~^ — q~"'~^ — = 0, and for 
X+X-V3j+2 wheren = 3j + 2 we get q''+^t''+^ +q-''-h-''-^ -q'^'-H-''-^ -q^+^f'^^ = 
0. But then we cannot use the second specialization on as at q = e we have 
Kq^VQ = e^^~^^VQ different than in Proposition \3.li[ 
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4.3. Another interpretation of the duality. In this section we discuss an inter- 
pretation of the Langlands dual of Section 14.11 in terms of the structure of the algebra 

The duality of the simple finite dimensional representations of Uq^t{Bi) in Section [4?T] 
in terms of characters is just the elementary duality between the following polynomials: 

y2n ^ y2n-2 ^ . . . ^ y2-2n ^ y-2n ^ ^y2^n ^ ^y2y-2 ^ . . . ^ (^2)2-n ^ ^y2yn ^ 

We have seen that it corresponds to an interpolating representation. At the level of 
characters, we can define a similar interpolation. Indeed let us consider a map Q;(g, t) 
such that a{q, 1) = 1 and a{e,t) = 0. Such a map is naturally introduced in [ini E] 
(we will also see an elementary way to introduce it bellow): 

t) = {q + q-^){qt - q-h-^){qh - q'h^Y^ . 

In the following it will just be denoted by a. Then the character 

y2n + ^y2n-2 ^ y2n-4 ^ ^^2n-6 ^ . . . ^ y4-2n ^ ^y2-2n ^ y-2n 

interpolates between the two formulas. 

The character of a fundamental representation is y + y^^. This corresponds to the 
decomposition of the Casimir central elements 

Cas{q) =q^ + g"^, Cas{t) = l^^^l'^ + r'^-^l'^ . 

The Casimir element of the second specialization is (i?'^'^^^^ + 1"^*^'^^^-'), so we have the 
following picture: 

UqA^x) Uq{B^)(^z,{B,)C[q^,q-''\ 



Duality 



Injection 

Note that the tensor product Uq{Bi) ®Zq{Bi) is a quantum analogue (for 

Q = Bi) of the algebras 

where f) C g is the Cartan subalgebra, considered by Gelfand and Kirillov jl3] . 

The decomposition of the Casimir element and the character formulas are closely 
related. This can be put a step forward by having a similar interpretation of the 
interpolating character in the spirit of the constructions of [10^ [TT] in the affine case. 
Indeed, we have the central element Y + in lAq^t{Bi) where Y = q^^t'^'^^^'^ , which 
interpolates between Cas{q) and Cas{t). (Note that we have Y^^X^ = X^Y^^ .) 

We define the completed algebra hlq^t{Bi) as the algebra containing hlq^t{Bi) with 
additional elements W^'^ such that W^^X+ = X+W^'^ and YW = aWY. Note that 
because of the relation of the algebra, we cannot require it to commute with X~ . Note 
also that we have Y^^W~^ = aW^^Y^^ which is compatible with the commutation 
relations with A"*". 

Let us explain how such a commutation relation YW = aWY can be obtained 
naturally in the spirit of [10^ lllj . We recall that the variables for the g-characters 
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(affine version of characters) are materialized as formal power series in generators of 
the Heisenberg subalgebra of the level quantum afHne algebra. The g, t-analogues of 
these variables (which are the building blocks for the generating series of the deformed 
W-algebra Wq^tid)) are, in turn, related to a non-commutative Heisenberg algebra. In 
the Si-case this Heisenberg algebra has generators h[n] (n e Z) such that h[0] is central 
and for n, m 7^ we have 

[h[n\,h[m\\ = K-ra • 

n 

As the 0th mode /i[0] is central, it is not clear how to obtain the commutation 
relations as considered above. But the finite type can also be seen as a limit of the 
affine type case in the following sense. Let 



, ±m>0 



h±{z) = exp j h[m]z 

We have 

h+{zqh)h-{w) = h-iw)h+{zqH)exp ^ ^ ^ ^-{wz-^'"" 



m 

Km>0 



h-{w)h+{zq-^t) 



(1 -g-^u;z-^)(l 



(1 - q-H~'^wz-^){l - q-'^wz-^) ' 
A priori, we cannot directly specialize z = w = \. But if we forget the intermediate 
formulas, everything makes sense for this specialization, and for Y = h-^-{q^t), W = 
h-{l) we obtain 

(i-<r*t-2)(i-«-2) 

To give a precise meaning to this specialization, we consider an additional formal 
parameter u and replace w, z, respectively, by wu, zu~^. We get formal power series 
in u"^. So we can set 2; = u; = 1 and for Y{u) = h-^-{u~^qH) and W{u) = h-{u) we 
obtain 

Y{u)Wiu) = -!~y^\ w{u)Y{u). 
{I — q — g H ^it^j 

Now we can specialize from the afHne type to the finite type by considering Y = Y{1), 
W = W (1), and we get YW = aWY as explained above. 

We have a notion of normal ordering : M : for monomials M in Y^^,W^^, where 
we put the Y"^^ on the left and the W"^^ on the right. Then we have 

(: YW + Y-^W-^ -.f = a-^ : {YWf : +2a + a'^ : {Y-^W'^f : 

= a-^{: {YWf : W+ : {Y-'^W-^f :) + a. 
In particular, the formula corresponding to the 3-dimensional simple representation 
appears naturally as 

: {YWf : W+ : (Y'^W-^f : 
Note that this formula commutes with X~^, as does : YW + Y~^W~^ :, which has the 
same property. This can be interpreted as an analog of the invariance of the usual 
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characters for the Weyl group action or of the symmetry property of (^-characters for 
the screening operators (see [TH fT2]). 

It would be desirable to have a similar interpretation of the duality of characters for 
general quantum groups. 

5. More general interpolating representations 

By an interpolating representation we understand a representation of the interpolat- 
ing quantum group Uq^tio) which gives by specialization representations of the Lang- 
lands dual quantum groups. We have seen in the Section [4] that interpolating repre- 
sentations exist for elementary interpolating quantum groups. In this section we give 
additional examples for non-elementary interpolating quantum groups. We believe that 
any irreducible representation L{X) of ^/^(g) (equivalently, of Uq{Q)) with X £ P' may 
be t-deformed, in an essentially unique way, to a representation of Uq^tid) in such a 
way that its specialization at q = e gives a representation of U-ti^Q) whose character 

is n(x(A)). 

We start with a simple finite-dimensional representation V of Uq{B2) with highest 
weight which has an even multiplicity for the node 2. We want to "deform" the Uq{B2)- 
module structure on V. All weights of V have even multiplicities for the node 2. For 
V £ V of weight miCJi + 2m20O2, we set 

K2V = q'^'^'H , K2V = t"'^ , Kiv = q^'^^v , K^v = f^^v. 

The deformation will be necessarily semi-simple for Ui ~ Uq2f{Ai), but moreover we 
require that it is semi-simple for the action of U2 = Uq^t{Bi) with simple submodules 
isomorphic to the representations constructed in Section HI The actions of C and C 
are uniquely determined from the action of X2 and X2 as it suffices to know the 
decomposition in simple modules for ^2- So the non-trivial point is to deform the 
action of the , X^ . 

We will consider 3 examples of interpolating representations oiUq^t{B2)- At the level 
of crystals, they correspond to the examples studied in Section 12.11 The first one is 
the most simple example where the duality occurs. In the second example we have 
a multiplicity in the character and we can see that the relations between C and the 
X^ cannot be written a simple way. In the third example we observe that different 
i-deformations of the Serre relations arise in the interpolating representations. 

Example 1. Let V = L{uji) be the fundamental representation of lAq{B2) of di- 
mension 5 which corresponds by duality to the representation of Z//_t(C2) whose high- 
est component is the fundamental representation of dimension 4. Its character is 
2/1 + tM.Vi'^ + 1 + yiy2^ + Ui^ , and all weight spaces are of dimension 1. 

We consider a basis (t'i)i</<5 of V such that vi is a highest weight vector, 

V2 = X^Vi , V3 = X2V2 , V4, = X2V3/[2]q , ^5 = U4. 

In this basis the action of the X^ has matrix coefficients 0, 1 or [2]^. We deform the 
action by replacing the [2]q by [2]^^, that is to say we only deform X^v^ = [2]qtV3zfi. 
The decomposition in simple modules for Ui and U2 is clear and coincides with the case 
t = 1. 
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Example 2. Let V = L(2w2) representation of Uq{B2) of dimension 10 which 
corresponds by duaUty to the representation of U-t{C2) whose highest component is 
the fundamental representation of dimension 5. Its character is y2+yi + yiy2^ '^y2yi^ 
2.1 + y^Vi^ + 2/12/2"^ + Vi"^ + ^2^^- There is a multiphcity 2 for the weight 1. 

We consider a basis (fi)i<Kio of V such that vi is a highest weight vector, 

V2 = X^Vl , ^3 = X:^V2/[2]q , V4, = X^V^ , V5 = X{V4/[2]q2 , Vq = X^V^, 
Vj = X:^VQ/[2]q , Vs = X^V2 , Vg = X^Vs , flO = X2Vg/[2]q. 

In this basis the action of the X^ have matrix coefficients 0, 1, [2]^ or [2]q2. We deform 
the action by replacing these coefficients, respectively, by 0, 1, [2]qt, [2]g2^. That is to 
say we only deform 

X^V4 = [2]q2tV4^:l , X^Vq = [2]qtV6^:l , X^Vg = [2]qtV4^:l. 

The decomposition in simple modules for Ui and U2 is clear and coincides with the case 
t = 1 except for the trivial submodulcs of U2 and Ui which are, respectively, 

C{vg - [2]qtV4) and Ci[2]qtV4 - [2]q2tVg). 

Note that a priori we cannot expect to have simple relations between the C and the 

X^ as V4 is not an eigenvector of C. 

Example 3. Let V = L(2loi), an irreducible representation of Uq{B2) of dimension 
14, which corresponds by duality to a representation of ZY_t(C2) whose highest compo- 
nent is of dimension 10. Its character is 1/1 + 1/2 + ytvi"^ + + vhji^ + 2/1^2"^ + ^.1 + 
2/12/2" +2/22/r +2/12/2^ +2/r +2/2" +2/r , and there is a multiplicity 2 for the weight l. 

We consider a basis (f;)i<;<i4 of V such that vi is a highest weight vector, 

V2 = X:[Vi , V3 = X^V2/[2]q2 , V4 = X2V3 , V5 = X2V4/[2]q, 

Vq = X^U5/[3]g , V7 = X^Ve/i'ijq , ^8 = ^f^^T , ^^9 = X^Vs/[2]q2 , Vw = X^V2, 
Vu = X2Vio/[2]q , 1112 = X^Vll , V13 = X^Vl2/[2]q2 , V14 = X^^Vq. 

In this basis the action of the Xf^ have matrix coefficients 0, 1, [2]^, [3]^, [4]^, [2]q2, 
{[2]q[2]q2/[4]q)^^, [4]q/[2]q2. We dcform the action by replacing these coefficients, re- 
spectively by 0, 1, [2]qt, [3]„ [4]^^, [2]q2t, ([2],t[2],2f/[4],i)^\ [4],«/[2],2i. The decom- 
position into simple modules for Ui and U2 is clear and coincides with the case t = 1 
except for the trivial submodulc of U2 and Ui which are respectively 

C{[3]q[4]qtVl2 - [2]qt[2]q2tV5) and C([2],t[2]j2ti;i2 - [MqtV5)- 

In this example we can observe non-trivial t-dcformations of the Serre relations, but 
different relations are satisfied on different vectors in the representation! Indeed, we 
have 

{x^x^^ - {qH^ + q-H-'')x^x;^x^ + xfx^)v^ = 0, 

{X^X^'^ - {qH + q-H-^)X^X^X^ + xfx^)vii = 0. 
This implies that if we impose any t-deformation of the Serre relation 

{X^xf - {q^ + q-'')X-X-X- + xfx') = 
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in the algebra Uq^tiB2), then the resulting algebra will not act on the Z//g^t(i?2)-niodule 
that we have just constructed. Indeed, this relation will be different from the relation 
satisfied on at least one of the vectors, vi and vu (as written above). The difference of 
the two relations would give us a multiple of the monomial X2 , which should 
then have to annihilate this vector. But neither vector is annihilated by this monomial: 
we have 

{X^X^X^)vi = V4[2U2]gH/[4],t, 

iX^X^X^)vu = ^i4[2],t[2],2,/[4],t. 

Moreover, one can show that the structure of W5,t(fl)-module on V described above is 
unique (the same is also true for the modules in Examples 1 and 2). 



Now let us explain how we constructed the above interpolating representations. Let 
F be a simple finite-dimensional representation of Uq{B2) as above of highest weight 
A = rriiuji + 2m2UJ2- We have a decomposition in weight spaces V = ©^<a^- Let 
Vr = e^=A-a., and V<r = ^.^^Vr. We have X^Vr + X^Vr = Vr+i and 

Vx = X^ Vx-ai + X2 Vx-a2 ■ 

We define on V the action of the Ki{t), Ki{t) as explained above. 
We define by induction on r > the deformed actions 

X+{t),X+{t) : Vr+i ^ Vr and X^{t),X2{t) : Vr K+i, 

satisfying the following properties: 

(i) X+{1) = X+, X+{1) = X+, (1) = Xf, x^ii) = X2, 

(ii) the action is compatible with the restrictions to Ui and U2, 

(iii) [xtit),X2it)]=o, 

(iv) [X+it),X^it)]=0. 

To start with we set X:^{t) = 0, X}{t) = on Vb- 

Suppose that the deformed action is defined for r > 0. Let Vx C Vr+i. We want to 
define the deformed actions 



Vx+ai 




By using the condition (ii) for U2, we can first define the action of X2{t) and X2 {t). 
This gives in particular a decomposition Vx = V^^^^ © V^^^^ where vj^^'' = (t) {Vx+a2 ) 



and Vj^^^ = Ker{X+{t)) D Vx- The condition (iii) on F^+aa gives ^(t) : vj^^^ 
The condition (iv) on Vx-\-ai gives i'(t) : Vx+a, V)!^^. So it suffices to define Xf (i) 



such that X^{t) 



m on V;^ 



(2) 



Vx+ai ■ 

^( 
(2) 



n o X-^ (t) = ^{t) where II is the projection on 
along V^^'', and X^ {t)X^ (t) = R{t) given by condition (ii) for Ui. In a matrix form 

we have X+(i) = (0(t) Ait)), X^{t) = (l^^J), X^{t)X+{t) = <j>{t)m + 
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So it suffices to prove that 

rk{R{t) - (p{t)i>{t)) < dim(V3[^^). 

We call this the compatibility condition. In the examples studied above this condition 
is satisfied, and that is why the interpolating representations do exist. We conjecture 
that it is satisfied in general and we have the following 

Conjecture 5.1. For any X £ P' there exists a unique irreducible representation Lq^t{X) 
of Uq^tio) whose specialization at t = 1, viewed as a hlq{g) -module, is the irreducible 
module L{X) and specialization at q = e, viewed as a L(-t{^Q) -module, contains a module 
of character n(x(A)). 

6. Conjectures on the Langlands duality for quantum groups 

In this Section we conjecture stronger statements on the duality for characters and 
crystals which we prove for simply-laced g with r = 2 and for B2. The proof of these 
conjectures and the computation of the corresponding Langlands duality branching 
rules is a program for further study for this Langlands duality. 

6.1. A positivity conjecture. It is easy to compute the Langlands duality branching 
rules for the examples of Section 12.11 
For Q = B2: 

n(x(a;i)) = x'-icoi) + x^(0) , n(x(26^2)) = x''{^2) + X^^icoi) + X^(0), 
n(x(2t^i)) = x'^(2^ii) + x''('i'i), 

n(x(^i + 2w2)) = x^(wi + W2) + x^C^^i) + + x^i^i)- 

and for Q = G2- 

n(x(^i)) = x''(^i) + X^(0) , n(x(a;2)) = X^(cl'2) + 2x^(wi) + x^(o). 
So it is natural to give a purely classical analog to Conjecture 15.11 

Conjecture 6.1. For any A € Pi P' , n(x(A)) is the character of an ^Q-module. 

This Conjecture means that the virtual representation of Proposition 12 . 1 1 is an actual 
representation, that is, the Langlands duality branching rules are positive: 

n(x(A))= Yl "^AX^(/i), nif^ez^. 

We will prove the conjecture in several cases, but first we prove that in general certain 
Langlands duality branching rules are positive. We use the partial ordering on P' 
viewed as the weight lattice. 

Proposition 6.2. Let fiQ maximal in {fi € P^'^|m^ 7^ 0,/i 7^ n(A)}. Then ruf^g > 0. 

Proof: By Theorem [23] the coefficient of //q in n(x(A)) is larger than in x^(II(A)). But 
the only terms which can contribute to this multiplicity are by hypothesis x^(n(A)) 
and x^iP-o)- This implies the result. □ 
This includes all coefficients in the examples at the beginning of this section. Now 
let us consider a statement analogous to Conjecture 16.11 in terms of crystals. 
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6.2. Structure of the crystal B{X). For X e P+ D P' let 

^(A) = {ve S(A)|wt(m') E P'}. 

Note that for g of type Bg we have ^(A) = ^(A). 

i3(A) U {0} is stable under the action of the operators ,//". We define new maps 
ef,cj)f on B{X) corresponding to the operators e.f,fl (in general they do not coincide 
with the original ej, (pi, as we may have ef{m') = but ef (m') 7^ 0, see the example in 
Section . We get an abstract ^g-crystal (i3(A), ef, , , wt^). Moreover, this 
crystal is semi-normal, that is to say that for each i G I, it is as a ^3|j}-crystal the 
crystal of a ^0|j}-module (this is a direct consequence of the semi-normal property of 
i3(A)). Here for J C / we denote by gj the sub Lie algebra of Cartan matrix {Cij)ij^j. 

Theorem 12.61 means that the connected component of B{X) containing the highest 
weight vector is normal, that it to say is the crystal of a ^g-module. In this section we 
study the structure of the whole crystal ^(A). 

In all examples of Section [2.41 the crystal is normal. In particular, we have obtained 
the following: 

Proposition 6.3. For all pseudo fundamental representations of a rank 2 Lie algebra, 
B{X) is normal. 

So we could expect naively that B{X) is normal. This statement is not true in general. 
For example in type B2 consider X = uji + 2uj2- 

We have seen that in terms of characters Il{x{oJi + 2uj2)) has 4 simple constituents. 
But B{X) = ^A{YlfiY2l) = B{X) has 3 connected component as a ^g-crystal. 

The first connected component is isomorphic to B^(uji + W2) (16 terms): 
{lo2f,l2 2|,lol22J >2f2^ l2,lol2ir )2fl4 ,lol4 2|,23 

■1-1-1-29292 9-2i2i-l 1 9-2 1 1-2 1-I929-2 1-392 9-29-2-, -1-I9-21 

The second connected component is isomorphic to B^{oJi) (4 terms): 
{lo2i25 \ I2 ^2^25 \ 2i23 ^25 H2, 14 ^2i25 ^}. 

The third connected component is (15 terms): 
{I0I22123 ,2\2.^ ,lol4 2i23,l2 I4 2^23, 2i23 l2,lol223 2^ ,2i23 I2I4 ,2^23 2^ , 
I0I4 "^232^^, l2"-'^l4 -'^2f2325 lj^2i23, l|2j^^2^^, 2i23 ^2^ ^, 1214^ "'^23 ^2^ I4 ^2325"-*^}. 

Although the third component has two highest weight elements u = lol22i2J^ and 
V = 2\2^^ it is not connected as egefefegf = 121^^23 ^2^^ = 6^62 62 ef efu. But its 
character is x^('^i) + X^{^2)- 

In fact, it suffices to modify slightly the crystal structure of the third component to 
get a normal crystal. Indeed, without changing the wt^, ef , (/if, we just replace 

2123^^12, |e2 2i23^ = 101223^25 \ 

101223^25^, 1^62 I0I4 ^2i23 =2i23^l|. 

In other words we have defined a bijection ^ : B{X) — t- B^, where B^ is normal, 
satisfying (wt^, (/)f , ef )^ = (wf^, (/)f , ef ) and "^fj" = /f*, ^ef = ef'^'. But ^' is not a 
morphism of crystal as '^f2 7^ f2^ ^^'^ ¥^ ^2 ^ (^^^ picture bellow). 




LANGLANDS DUALITY FOR REPRESENTATIONS OF QUANTUM GROUPS 



29 



lo2? 



-|-l24 
'-2 ^1 



2^23^12 



2i23 



2-4-|3 
^3 ^2 



2-2-|2i-l 
Z3 ±214 



I2I4' 



1-392 



ir'2325-^ 



10122123 ^ 



lol4^2i23 lol223 ^ 



221-1 
^1-L4 



2i23 ^1214 



I4 ^2i23 



I4 ^2i25 1 



I2I4 ^23 ^25 1 



1 

-l^^^r ^2f23 

2~ 



1 -1930-1 
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1 



lo2i25 
2 



I0I223 ^25 1 
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1 929-2 



l2"'2f2 



ioi2ir 

1 



lol4^2| 



.-1. -2^,292 

±2 ±4 Z]^Z3 



lo25^ I2 ^14 ^2^232^ 1 



■■-4 ^5 



Conjecture 6.4. For A G P', there is a bijection ^ : B{X) — t- iS'^ to a normal ^Q-crystal 
satisfying wt^^' = wt-^ and ((/)^,e^)^' = ((/)f',ef) for any i £ I. 

This means that, by changing the maps ef, Z/', respectively, by ^~^e^"^, 'I'"^//"^', we 
get a normal crystal. 



Conjecture 16.41 implies Conjecture 16.11 as we have 

n(x(A)) = ^ wt^(^;). 
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First, we look at the case of the Lie algebra of rank 1. For r = 1 the result is clear 
as = e and = /. For r = 2, consider B{2puj) = B{2puj): 

U2p U2(p-l) U2(p^2) ■■■ ^ U2(2-p) ^^2(1-^) ^-2p 

which is decomposed in B^{pui) U B^{{p — as a -^g-crystal: 

{U2p U2(j,-2) • • • n__2p) U {u2p-2 U2p-6 ■ ■ ■ U2-2p)- 

Here Conjecture 16.11 is just the elementary decomposition: 

y2p ^ y2p-2 ^ . . . ^ y^2p ^ ^^2^ ^ ^2^.4 ^ . . . ^ y-2p^ ^ (^2^.2 ^ y2p-6 + . . . ^ y2-2p)_ 

We have the following Theorem, due to [21^ I20j (see for example [19^ Theorem 2.1]): 

Theorem 6.5. A finite q- crystal B is normal if and only if for any J <Z I with at most 
two elements, B is normal as a Qj-crystal. 

So it is of particular importance to study Lie algebras of rank 2. We will now prove 
Conjecture 16.41 for Lie algebras of rank 2 (and r < 2). Such a Lie algebra will be 
denoted by {X,ri,r2), where 1 < ri,r2 < 2 are the labels. We consider all crystals 
B{X) such that B{X) ^ 0. For g of type B2 it implies X G P' but in general A is not 
necessarily in P'. For {Ai x Ai,2, 2) and {A2, 2, 2) the result is clear as we have Z/' = fi 
and ef = e,. For types {Ai x Ai, 1, 1), (^1 x ^1, 1, 2), (^1 x Ai, 2, 1), the result follows 
from the rank 1-case studied above. So we study the two remaining case {A2, 1, 1) and 
(i?2, 1, 2). In fact, we prove 

Theorem 6.6. Coniectures \6.1\ and \6.4\ hold for simply-laced q with r = 2 and for B2. 

We cannot prove the statement for B2 directly by using the result for pseudo- 
fundamental representations (Proposition 16. 3p as the e^ , Z/' for the tensor product 
of ■^fl-crystals do not coincide with the operators defined from the tensor product of 
0-crystals. 

6.3. Type {A2, 1, 1). Let A = RuJi + R'uj2 dominant in P. We have A = 0, ui, 0J2 or 
+ where = means mod P' in this section. Let A = {(z, 1)|1 <i< R}D {{i, j)\R + 
1 < i < R + R', 1 < J < 2}. Then B{X) is isomorphic [22j to the crystal of tableaux 
(Tjj)(jj)g^ with coefficients in {1,2,3} which are semi-standard (i.e., Tij < Tj+ij and 
any i,j, and Tj^i > Tj_2 for i > 2R + 1). Let 

1 ••• r 
1 ••• 12 ••• 2, 



Tx 



be the highest weight tableaux. Let us compute the tableaux T £ B{X) of highest 
weight for ef' = ef and 62 = e^. T = T{a, b, c) is characterized by a, b, c such that 



1 for z < a — 1, f „ „ 

1 for + 1 < i < c - 1, 

2 for a<i<o — 1, and Tj 2 = s 
- - ' ' I 2 for c > i. 



3 for 6 < i, 

The condition ef T = is equivalent to the following: 

{R + R' = c andb- a< R' -1) 01 {R + R' = c - 1 andb- a< R' + 1) 
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The condition e^T = is equivalent to c — 6 S {0, 1}. We have four cases: 

1) c = b = R + R' and a > R+1. So a = i? + 1. So = wt(r) = \ + uji+uj2- 

2) c = b = R + R' + 1 and a > R. U a = R + 1 then T = Ta and A = 0. If a = R, 
then X = UJ2- 

3) c = b+l = R + R' and a> R. Ua = R + 1, then A = ^^2- If a = R, then A = 0. 

4) c = b + 1 = R + R' + 1 and a > R - 1. Ifa = i? + 1 then \ = uji. If a = R then 
A = cji + a;2- If a = i? — 1 then X = uji. 

So for each value of A mod P' we have 2 highest weight vectors Tq, Ti of respective 
connected component B' and B" . We prove that B' ^ B" and that they are normal. 
This implies a stronger result than Conjecture 16.41 that in this case B{X) is normal. 



{To,Ti) = 



'(Ta,/i/2/i/2Ta) 


if A 


= 0, 


^ (/2Ta,/2/i/iTa) 


if A 


= a;i, 


' iflTx, flf2f2Tx) 


if A 


= ^2, 


, {flf2Tx, f2flT\) 


if A 


= (Ji + W2 



Note that wt(r(a, 6, c)) G P' if and only if 6 = 1 + R'[2] and a = c[2]. 

Let us treat in detail the case A = 0. We know by Theorem 12.61 that B' is normal. 
In particular, B' ^ B" . So we only have to prove that B"{X) is isomorphic as a ^3- 
crystal to B^{X') where A' = n(wt(ri)) = {R/2 - l)uji + {R' /2 - l)uj2. We have 
Ti = T{R, R + R' -1,R + R') that is, 

T = ( 1 ••• 1 1 2\ 

^ \1 ■■■ 12 2 ••• 2 3 3J ' 

Let A' = {{i, 1)|1 < i < R/2 - 1} U {(i, j)|i?/2 + 1 < i < R/2 + R' /2 -1,1 <j < 2}. 
Then B^{X') is isomorphic to the crystal of semi-standard tableaux (^ij)(i,j)GA' with 
coefficients in {1, 2, 3}. For such a tableaux we define a, b, c as above. Then consider 

<p : T{a, 6, c) G i3^(A') ^ T(2a, 26 + 1, 2c + 2)i3"(A). 

Then (j) is an isomorphism of ^g-crystals. First for {R/2, {R + R')/2-l, R/2 + R' /2-1) 
we get T{R, R + R - 1, R + R') = Ti. Then it suffices to prove that (t>{fiT) = f^tpiT). 
Let T = T{a, b, c). 

For /i : if + 6 > a + c and a > 2, then fiT = T{a - l,b,c). We have {R + 
1) + (26 + 1) > 2a + (2c + 2), so /i(/)(T) = T{2a - 1, 26 + 1, 2c + 2). But we have also 
{R + l) + (26 + 1) > (2a - 1) + (2c + 2) so /f</'(r) = r(2(a - 1), 26 + 1, 2c + 2). 

If i? + 6 > a + cand a = 1, then fiT = 0. We have (2i? + 1) + (26+ 1) > 2a + (2c + 2), 
so fi(l){T) = T(l,26+l,2c + 2). But we have also (i2 + 1) + (26+ 1) > (2a- 1) + (2c+ 2) 
so /20(T) = 0. 

Ifi? + 6<a + c and c > 6 then fiT corresponds to (a, 6, c — 1). We have (2i? + 1) + 
(26 + 1) < 2a + 2c < 2a + 2c + 2, so /i</>(r) = r(2a, 26 + 1, 2c + 1). But we have also 
(i? + 1) + (26 + 1) < 2a + (2c + 1) so ff<p(T) = T{2a, 26 + 1, 2(c - 1) + 2). 

If i? + 6 < a + c and c = 6 then fiT = 0. We have (2i? + 1) + (26+ 1) < 2a + 2c < 2a + 
2c+2, so ficpiT) = T{2a, 26+1, 2c+l). But we have also (i?+l) + (26+l) < 2a+(2c+l) 
so /20(T) = 0. 

For /2 : if 6 > a then /2T = T(a,6 - l,c). We have 26 + 1 > 2a + 3 > 2a, so 
MiT) = r(2a,26,2c + 2). But we have also 26 > 2a, so /i0(T) = T(2a, 26 - 1, 2c + 2). 
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If 6 = a then /2T = 0. We have 25 + 1 = 2a + 1 > 2a, so /i0(r) = r(2a, 26, 2c + 2). 
But then 2b = 2a, so /f 0(T) = 0. 

For the cases A = wi or A = + 0^2 we give only the formulas of isomorphisms of 



Let A = wi (the case A = a;2 is symmetric). Tq = T{R + + R' , R + R' + 1), 
Ti =T{R-1,R + R',R + R' + 1). Let 0' : B{Ir+ l)/2ui + (i?72 - 1)^2) ^ 



: T{a,b,c) G i3((i? - l)/2wi + i?72w2) ^ T(2a, 26 + 1, 2(c + 1)) G B". 
For A = a;i + W2, Tq = T{R+ 1, R + R' , R + R'), Ti = T{R, R + R' , R + R' + 1). Let 
: T(a, 6, c) € ^((i? - l)/2wi + (i?' - l)/2a;2) ^ T{2a, 26, 2c) e S', 

0" : T{a,b,c) G ^((i? - l)/2a;i + ((i?' - l)/2uj2) ^ T(2a - 1, 26, 2c + 1) G S". 



Remark 6.7. In the course of the proof we have found the following Langlands duality 
branching rules (see the end of Section \2. 1\) for irreducible representations of (^42, 1, 1) 



and the symmetric ones: (\i,\2 > 

n(x(2Aia;i + 2A2t^2)) = X^(AiWi + \20J2) + X^((Ai - l)wi + (A2 - 1)^2), 

n(x(2Aia;i)) = x\>^ii^i) , n(x((2Ai - l)a;i)) = x\{>^i - l)wi), 

n(x((2Ai + l)wi + 2A2^^2)) = X^((Ai + l)wi + (A2 - 1)^2) + X^((Ai - l)Coi + A2W2), 

n(x((2Ai - l)wi + 2(A2 - 1)W2)) = 2x^((Ai - l)a;i + (A2 - 1)^2). 



6.4. Application to symmetric cases. Consider a simply-laced g with r = 2. 



In particular. Conjectures 16.11 and 16.41 hold for these types. In fact, we have proved 
a stronger result as the crystal is normal. 

Proof: By Theorem 16.51 it suffices to prove the result for the subalgebras of rank 2. 
For subalgebras of type A2, the statement follows from Section ESI For the subalgebras 
of type Ai X Ai, it suffices to prove that if Cjj = then the f^" commute. But it 
is clear as the /j, fj commute. □ 





r(/? + 1,26- 1,2c) if a= (i? + 3)/2, 

r(2a-l,26-l,2c-l) if a < (i? + 3)/2, 



and 



Proposition 6.8. For A G P' , B{\) is normal. 
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6.5. Type (52,1,2). Let A = 2Ru}i + R'uj2 G P' . Let A = {(i,l)|l < i < 2R} \J 
{{i, j)\2R + I < i < 2R + R', I <j <2}. Then B{X) is isomorphic (22] to the crystal 
of tableaux (Tjj)(jj)g^ with coefficients in {1,2,2,1} which are semi-standard (i.e., 
Tij :< Tj+i j and any i,j, and Tj i >- Tj^2 for i > 2R+ 1 for the ordering 1 ^ 2 ^ 2 ^ 1) 
and such that for i>2R+l, (T-,!, ri,2) ^ (T, 1) and (Ti+i,i, T^^a) / (2, 2). 

Let Tx be the highest weight tableaux. The tableaux T = T^{a, b, c, d) is characterized 
by a, b, c, d and e G {0, 1} such that 

1 for i < a — 1, f 

( 1 for 2i2 + l< i < c-e- 1, 

2 for a < i < 6 - 1, ~ ~ 



_ and Tj 2 

2for6<i<c-l, 

_ 1 for c < 



2 for c-e > i < d - 1, 
2 for d < i. 



In fact, appear at most once (it can appear in T\ and does not appear in Tq). 

Let us compute the tableaux T of highest weight for the operators e\ = and 
e\ = 62. The condition e2T = implies d = R + R' + 1. The condition efT = implies 
c = d = R + R' + l. Let us consider the 3 classes of such tableaux: 

Tableaux (A) : Tr,i = T (that is c < R). e2T = gives R' >c-b. ejT = gives 
R' = = c — b and 2R < a. So all coefficients are equal to 1 except T2r^i £ {1, 2, 1}. 

Tableaux (B) : Tn,i = 2 (that is c> and 6 < e2T = gives b = R + R' + l-e. 
So e = 1 and R' = I. e^T = gives a > 2R. So (T/j+i,i, r/j+i,2) = (2,2), Tr^i E {1,2} 
and all other coefficients are equal to 1. 

Tableaux (C) : Ti^i ^ 2 (that is b > R). = gives b = R + R' + l-e. Then 
ef T = gives a > 2R. 

For R' = and i? > : we get 3 tableaux Tx, fiTx, /i/2/iT\. 

For = and i?' > : we get 2 tableaux Tx, hhhT\. 

For R,R'>0: we get 4 tableaux 

1 • • • 1 
1 ••• 12 ••• 2 



T2 = /1/2TA 



/1/2/iT; 



A 



1 ... 1 

••• 12 2 ••• 2 

1 ••• 12 
1 ••• 12 ••• 2 2 

1 ••• 12 
1 ••• 1 2 2 ••• 2 2 



We concentrate on the case R,R'>0 (the cases R = 01 R' = can be easily deduced 
from it). By Theorem 12.61 the connected component of Tx is isomorphic to the crystal 
of a simple ■^g-module. In particular it contains Ti,r2,r3. Let B (resp. B') be the 
union of the component of Ti,T2 (resp. the component of T3). We have u G B ii and 
only if wt(tt) G A — (1 + 2Z)ai — Za2- So the component B CiB' = 9. In the monomial 

model M{Y2^qYI^), corresponds to >"i,i(>2!o^3^~^^)^i75^- ^y Theorem EH] the 

^0-crystal generated by ^2^ ^1^1^ the crystal of the simple ^g-module of highest 
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weight {R — l)ijJi + R'Cj2- Bu the multiphcation by Yi^iY^^ does not change the action 
of the crystal operators here, and so B'i is also isomorphic to this crystal. 

For B we write explicitly the bijection by using the three cases as above. To do it 
we also use the dual tableaux realization of for /i = /iiwi + /i2'^2- 

Let = {(i,2)|//i < i < ^ll + ^l2]^ {(i,i)|l < i < < j < 2}. S^(^)_is 

isomorphic [22] to the crystal of tableaux (Tij)(j j^g^i, with coefficients in {1,2,2,1} 

which are semi-standard as above. The tableaux T = Tl;{a,b,c,d) is characterized by 
o, b, c, d and e G {0, 1} such that 

' 1 for i < b — e 



2 for i < a — 1, 
2 for a < i < 6 - 1, 
1 for b < i < fii, 



and Tj 9 



1, 

2 for 6 - e > i < c - 1, 
2 for c < i < (i - 1, 
1 for d < i. 



Let = B^iRCbi + {R' - 1)002) and B^ = B^{{R - 1)Gji + {R' + 1)^2) 
^ : Bi U B2 — )• B. The general idea to define the map is to replace (1,1), 

fl\ f\ 

(2,2), (1,1) in the first part of the tableaux respectively by 



, We define 
;2,2), (2,2), 



Y j , and to replace \ \ 



in the second part of the tableaux 



respectively by (1), (2), (), (2), (1). In general, it cannot be done in the obvious way 
as other term may appear as (1,2), (2, 1) and so we have to do the following case by 
case description. 

Tableaux (C). r±(a, b,c,d) eB ^ a = e[2]. Let /3 > ii + 1. We set : 

ro(a, ^, 7, 5) G ^ ri(2a - 1, /3 + i?, 1 + + 7, 1 + + J), 

To(a, /?, 7, 6)(^B!^^ To{2a, p + R, R + R + 6). 
Tableaux (B). T±{a, b,c,d) e B a = e[2]. Let /? < ii < 7. We set 

T,{a, /?, 7, (5) G ^ Ti(2a - 1, 2/? - 1 - e, 1 + i? + 7, 1 + i? + 5), 

T,{a, /3, 7, 6) eB^^ To{2a, 2/3 - e, i? + 7, i? + (5). 
Tableaux (A). To{a, b,c,d) £ B ^ c = a + 1[2]. Let 7 < i?. We set : 

T,{a, /?, 7, 5) G fif ^ To(2a - 1, 2/3 - e - 1, 27, 1 + i? + 6), 

'ro(2a, 2/3 - e, 27 - 1, + (5) if (e = 1 or /3 < 7) and S > R, 

To{2a - 1, 2/3, 2/3, ii + 5) if e = 0, /3 = 7 and 5 > R, 

_ro(2a - 1,2/3 - 1 - e, 27, 2i? + 1) if 5 = ii. 
It is straight forward to check that the properties of Conjecture 16.41 are satisfied. 

Remark 6.9. In the course of the proof we have found the following Langlands duality 
branching rules for irreducible representations of {B2, 2, 1); (Xi, X2 > 0) 

n(x(2Ai6<Ji + X2UJ2)) = X^i^l^l + ^20J2) + X^i^i^^i + (A2 - 1)W2) 

+X^((Ai - l)uJi + (A2 + l)uJ2) + x^((Ai - 1)^1-1 + A2tl'2), 
n(x(2AiWi)) = x^(AiWi) + x^((Ai - l)wi + 0J2) + x^((Ai - l)wi), 



T,{a,P,j,S) £B^^ { 
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n(x(A2W2)) = X'^(A2^2) + X^((A2 - l)i^2)- 

6.6. A proposed deformation process. Suppose that r = 2. We have proved the 
statement of Conjecture 16.41 for rank 2, but we cannot use Theorem 16.51 directly for 
general rank. For example, for type B^, ^{\) is a normal crystal for ■^0{i,2} and ^0{i.3}. 
We use the rank 2 to deform the 3-arrows so that we get ■^g{2,3}- But then we may not 
preserve the ^0{i 3}.-crystal structure. 

We propose a conjectural inductive process to redefine the crystal operators of ^(A) 
so that we get a normal crystal. Suppose that we know the result for rank lower than 
n — 1 for an n > 3. Let I = Ji U I2 where Ik = {i €z /|rj = k}. We assume II2I > 2 
(the case > 2 can be treated in a symmetric way by Proposition 16. 8p . We use 
the notation I2 = {!,•■■ )^o} and Ii = {io + 1, • " " j'^} so that CjQ^jQ+i = —1. Let 

h = l2-{io},h = h^{io}- 

Let X e P' and fix a class P" = ^ + Q" C X + Q mod Q' . Then B = {u e 

B{X)\wt{u) G P"} is a union of connected component of B{X) as the weight of the 
vectors in a connected component are in the same class. For ^i,/U2 G P" , we have 
Ml ~ = ''^i'^i where rii ^ Z, and the af are the simple roots of ^g. We put 

N{fj,i,fi2) = Ylii^i'^^i- ^ {wi{u)\u G B} such that N{n,^') is maximal. It is 

well defined, that is to say independent of the choice of fi, as for Hi, fi2, fJ-a G P" we 
have N{fii,H2) + iV(Ai2,/x3) = N{ni,fis). We set iV(/ii) = N{p,',fMi). For > 0, let 
WN = {ue B\N{wt{u)) = N}. 

For C a (normal) ■^g crystal, by truncated (normal) crystal of C we mean for a certain 
N ^ X the set {u G C|A^(wt(ti)) > A^} with the maps wt^, e^, e,, (pi restricted to it and 
the map //^ restricted to {u G C\N{wt{u)) >N-1}. 

To start we set ah (Z/')' = //^, (ef )' = ef . By induction on iV > 0, we redefine (ff)' 
on UM<Af-iWA4- (or equivalently (ef)' on UM<AfW/Af)- We say that the process does 
not fail if (Ujvf<jvWM, wt-^, ef', (/>f , (//^)', (ef )') is a normal truncated crystal. 

For = we do not change the maps. Let > 0. 

Let i G /i and u G W]\f~i such that 3j G l2,e^{u) > 0. If (pfiu) = we set 
(fl^yiu) = f^{u) = 0. Otherwise let v = ef{u) / 0. Then (j)f{v) = (n) 7^ so 
w = {ft)'{v) / 0. Then (t)^{w) = <pf(v) / so x = //(u-) / 0. We set (//^)'(u) = x. 




We have ef (x) = ef (u;) = ef (i;)+l = ef (u)+l and {fi)'{u) is well-defined (independent 
on j G /2)- (ef )'(y) is now defined for y G Wat such that X^jg/^ ej'(ii) > 0. 

Let /i G P' and U± = {y £ (WV)^| ± Y^j^j^ef{y) < ±1/2}. We redefine (ef)' on 
W+ by induction on i > iq. Let u £ Bi = {u £ (WAr)^+Q. |0f (u) > , n ^ (ef)'(ZY_)}. 
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Consider the truncated ■^g-crystal Um<n-iW]\j and C be the correspondmg normal 
crystal with the injection ^ : \Jm<n-iWm — ^ C. We have 4>f{^{u)) = (pf{u) > and 
sov = / 0. If there is io < j < i - I such that ef{v) > 0, let w = ef{v). We 

set {fLy{n) = {fj^y^-\w) = x. 

X 

As < n we have : 

\{v E Bi\{ef{fH^{u))))^^r. = (a,)^.,7r}l = l{^ ^ ^^+| (6,^(..)),.,7r = («.),e7r}l 

for a given {aj)j^-]^- So we can define {fi)'{u) for u ^ Bi such that ^jQ<j<j_i ej('f^) = 0. 
We get (//')' : — injection. Moreover conjecturally for i = zq, we can choose 
(/j^)' compatible with the (p^ , i ^ I2 (in other words, there is "enough dimension" in 
weight spaces to do it) and then we can redefine (/j^)' on U-^ so that the structure of 
■^Q/j-crystal is not modified. 

If the conjectural point is satisfied, the process never fails, and the new crystal is 
normal for any ^qj where \J\ < 2. Then we can conclude with Theorem 16. 5[ 
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